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MODEL OF A STRONG DISCONTINUITY FOR THE EQUATIONS
OF SPATIAL LONG WAVES PROPAGATING IN A FREE-BOUNDARY SHEAR FLOW

V. M. Teshukov* and A. K. Khe UDC 533.6.011 + 517.948.34

The long-wave equations describing three-dimensional shear wave motion of a free-surface ideal fluid
are rearranged to a special form and used to describe discontinuous solutions. Relations at the
discontinuity front are derived, and stability conditions for the discontinuity are formulated. The
problem of determining the flow parameters behind the discontinuity front from known parameters
before the front and specified velocity of motion of the front are investigated.
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Introduction. We consider a mathematical model which describes three-dimensional shear flows of a heavy
incompressible ideal fluid with a free surface above an even bottom in the long-wave approximation. This model,
which extends the classical shallow water model, reduces to a system of integrodifferential equations. Unlike for the
classical model, the propagation of nonlinear wave perturbations for the integrodifferential model has been studied
less extensively. New approaches to the solution of these questions were proposed in [1-4] using a new mathematical
apparatus. In [1], generalized characteristics were found and hyperbolicity conditions were formulated for the system
of integrodifferential shallow-water equations describing three-dimensional stationary shear flows of a free-boundary
ideal fluid. The spatial simple waves described by the indicated system of equations were studied in [2]. A definition
of discontinuous solutions for a mathematical model of shear plane—parallel incompressible flows was proposed in [3].
In the same paper, the properties of strong-discontinuity relations were analyzed. A similar analysis for a model of
plane—parallel flows of barotropic fluids was performed in [4]. New approaches to the description of the interaction
of shear flows of an incompressible ideal fluid were used in [5]. Problems of conjugation of various filtration and
channel flows of a viscous incompressible fluid and various mathematical models of two-phase fluids were studied
in [6, 7].

In the present paper, we consider the spatial problem of conjugation of non-one-dimensional flows of an
ideal incompressible fluid with a free boundary. Relations at the discontinuity front and stability conditions for
discontinuous flow are formulated.

1. Formulation of the Problem. We consider the system of equations

Ut + Uy + VUy + WU, + pi/p =0, vy + uvy + vvy + wo, +py/p =0, (1.1)

P, = —pg, Uy + vy +w, =0,
which describes three-dimensional ideal incompressible fluid flows in a gravity field in the long-wave approximation.
System (1.1) is obtained from the exact Euler equations by asymptotic decomposition in the small parameter
e = Hy/Lo (Hp and Ly are the characteristic vertical and horizontal scales; it is assumed that Hy/Lo < 1). Here u,
v, and w are the fluid velocity components, p is the pressure, p = const is the density, ¢ is time, and z, y, and z are
Cartesian coordinates in space.
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Below, we consider fluid flow in a layer with a free boundary 0 < z < h(t,z,y). On the free surface
z = h(t,z,y), the pressure is assumed to be constant: p = pyp. On the boundaries of the fluid layer, the kinematic
conditions w = 0 for z = 0 and w = hy + uh, + vhy for z = h should be satisfied.
At the initial time ¢t = 0, the velocity field and the free-boundary shape are specified:
u 0 _uo(x,y,z), v 0 —’UQ(iC,y,Z), w 0 _w0($7yaz)ﬂ h 0 —ho(if,y)
The free-boundary problem for system (1.1) has exact solutions defined by the relations u, = 0 and v, = 0. In this
class, free-boundary flows are described by the classical shallow-water equations

Ut + Uy + VUy + ghy =0, v + uvy + vuy + ghy =0, hiy + (uh)y + (vh), = 0.

We consider shear flows of the general form described by the inequality u? 4+ v? # 0. Modeling of these flows yields
more complex integrodifferential systems of equations, which will be considered below.

Free-boundary shear flows are conveniently analyzed in mixed Eulerian-Lagrangian coordinates z’, 3/, and A
since the unknown boundary is fixed in these coordinates. Conversion to the new coordinates is performed using
the formulas [2]:

/

¥ ==, vy =y, Ot 2,y \) =z
Here the function ®(¢,2’,y’, \) is a solution of the Cauchy problem
Oy +u(t,z,y, @) Py +u(t, 2y, 2) 0y = w(t, z,y, D), ) 0 Do(z,y, A).
—

The function ®g(x,y, A) is chosen so that the value A = 0 correspond to the even bottom [®¢(z,y,0) = 0] and A =1
to the free surface [®o(x,y,1) = ho(z,y)]. In the new variables, a fixed layer 0 < A < 1, corresponds to the region
occupied by the fluid and the system of equations of three-dimensional flows becomes

Ug + Uy + VUy + ghy =0, V¢ + Uy + vy + ghy = 0,

(1.2)
Hy+ (uH)z + (vH), =0.

This system serves to determine the functions u(t, z,y, ), v(t,z,y, ), and H(t,z,y, ). In (1.2), we introduced a
new required function H (¢, z,y,\) = ®x(t,z,y, A), which is linked to the depth of the fluid layer h by the relation

1
h:/Hd)\.
0

2. Generalized Solutions of Long-Wave Equations. As shown by examples of plane—parallel flows,
system (1.2) is characterized by breaking of smooth solutions in a finite time, which leads to the necessity of studying
generalized solutions in the classes of discontinuous functions. Usually, discontinuous solutions are introduced in
writing equations of motion in the form of conservation laws. However, Egs. (1.2) cannot be written in divergent
form. The problem of determining discontinuous solutions of nondivergent equations has long attracted the attention
of researchers. In the present work, the discontinuous solutions are determined using the following nondivergent
form of Egs. (1.2):

2, 2 2 .2
et (07 e —un =0, ot (07 (s —w)a =0,
Az 2 Ay

Hi+ (uH)z + (vH), =0,

(jHudA)tJr (O/lHu2d/\+g;L2)w+ (0/1Huud/\)y:0,
1 1 1 gh2
(O/Hvd)\)t—k(o/Huud/\)w—i—(O/Hvzd)\—i— ) )y:o.

We note that, for smooth solutions, system (2.1) is equivalent to system (1.2).
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3. Relations at a Strong Discontinuity. We consider the class of generalized solutions of Egs. (2.1) that
describe flows with a strong discontinuity. We assume that the solution has a discontinuity of the first kind on a
cylindrical surface I" specified by the equation S(¢,z,y) = 0 in the space of variables (¢,z,y, A\) and that, on both
sides of the surface, it is continuously differentiated. In the space of variables (¢, z,y), the normal vector £ to I" has
the form

S, 8z, 8
e=(ren= 0SS
¢$+%+%

Let w = (u,v) be the projection of the velocity vector onto the horizontal plane. We introduce a normal
vector n = (&,1)/1/€2 4+ n? and a tangential vector T = (—n,£)/1/€2 4+ n? to the discontinuity front T'; — the
section of the surface I' by the plane t = const. Next, we determine the tangential and normal velocity vector
components (u, = w -7 and u, = u - n, respectively) on I'; and the velocity of motion of the discontinuity front
ry (D, = -7/ \/52 +n?). We use square brackets to denote the jump of the function in passing through the
discontinuity: [f] = f2 — f1, where f2 and f; are the limiting values f on two sides of the discontinuity surface.

We consider solutions of system (2.1) in the class of functions having the following property: the functions
u, v, and H, the vertical component of the vortex vector v, — u,, and their derivatives with respect to the variable
A are discontinuous piecewise-smooth functions which have a discontinuity of the first kind on the surface I'. Let us
find conditions to which the jump of the velocity vector on I' should satisfy in this case. Let € be a region in the
space (t,z,y, \) located on both sides of I', and let ¢ be a smooth test function which vanishes on the boundary of
the region €. Integration by parts yields the formula

/(vz — Uy ) dQ = /(—vgpm + ugpy) dQ2 + /[uT]gp dx. (3.1)
Q Q Ta
Here I'a is part of the surface I" which belongs to the region Q. We consider a sequence of regions Q (k — 00)
such that the volume of the region tends to zero as k — oo and [ = I'a. Since the function v, — u, is locally
k

integrable, the integrals in the region € in formula (3.1) tend to zero; then, by virtue of the arbitrariness of ¢ and
I'a on I, the following relation should hold:

[us] = 0. (3.2)

Consequently, in the chosen class of functions, condition (3.2) is satisfied at the discontinuity front.

We elucidate what relations at a strong discontinuity can be derived from Egs. (2.1) in the class of solutions
indicated above. In the derivation of these relations, Eqs. (2.1) are integrated over similar regions € taking into
account that, in the examined class of functions,

/((vw — Uy )u)ap d2 — 0, /((vw — Uy V) A dQ — 0 (3.3)

Qp Qp
as k — oo.
Similarly to that described above, using (3.3), we obtain the following relations at the discontinuity:

[H(un, — Dy)] =0, [—Dpuy + (Jul?/2)an] = 0; (3.4)

1

gh?

H(up — Dp)ud\ + s M| = 0. (3.5)

0

Multiplication of the second equation of system (3.4) by the tangential and normal vectors yields the following
relations, respectively:

Dy [us]x =0, [(up, — Dp)? 4+ u2]y = 0. (3.6)

The first relation in the chosen class of functions holds by virtue of (3.2). In view of (3.2), the second relation in
(3.6) can be written as

[(un = Dp)?|x = 0. (3.7)
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Scalar multiplication of Eq. (3.5) by the tangential vector 7 yields the equality
1
/H(un — Dy)[us]d\ =0,
0

which is satisfied automatically by virtue of (3.2). Multiplying Egs. (3.5) scalarly by the normal vector n and
performing some transformations, we obtain the following relation at the jump:

[/1H(un _Dp)2dr+ 932} 0. (3.8)
0

Thus, the introduced definition of the class of solutions is compatible with the system of relations at the
discontinuity. In this class, a number of relations following from (2.1) is satisfied automatically by virtue of the
choice of the class, and, at the discontinuity front, it is necessary to satisfy only the first relation in (3.4) and
relations (3.7) and (3.8).

From system (1.2), we also obtain the differential conservation law for the total energy of the fluid layer:

(/IHUZ;LUQ X+ g;‘z)t+ (/1Hu(“2;’”2 +gh) d)\)w—k (/IHU(UZ;LUQ +gh) d/\)y:O.
0 0 0

At the front of the jump, let the inequality [u, — D,] # 0 be satisfied. The side of the jump front from which the
fluid flows onto the front will be called the side before the jump, and the other side will be called the side behind
the jump. Below, the quantities with subscript 2 correspond to the state behind the jump, and the normal to the
front of the jump is directed toward the conditions behind the jump. We require that, at the jump, the condition
of decreasing total energy of the fluid layer be satisfied:

1

[/H(un - Dn)((“” _2D")2 + gh) dx} <0 (3.9)
0

[the equality sign in (3.9) corresponds to energy conservation in passing through the jump]. Using relations (3.4)

and (3.7), this condition can be written as

1
_ 2
[(“" QD") + gh} /H(un — D,)dX < 0.
0

Since, by virtue of the choice of the direction of the normal, u,, — D, > 0, the energy decrease condition reduces to
the inequality

[(un —2Dn)2 —|—gh} _ ((unQ —2Dn)2 —|—gh2) B ((unl —2Dn)2 —|—gh1) <o. (3.10)

Thus, we obtained the system of relations at the discontinuity [Egs. (3.4), (3.7), and (3.8)] and the stability condition
for the discontinuity (3.10).

4. Definiteness Property of the System of Relations at the Jump. We prove that, if the velocity
of the discontinuity surface moving along the normal D, and the oncoming-flow parameters on one side of the
discontinuity are known, the system of relations at the discontinuity allows one to determine the flow parameters
on the other side of the discontinuity.

Using the notation v, = u, — D,,, we write relations (3.4), (3.7), (3.8), and (3.10) as

[Hvy,| = 0; (4.1a)

{/H’U?L X + ggz} ~0; (4.1b)
0

[va]x = 0; (4.1c)

[v2/2 4+ gh] <O0. (4.1d)
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Let the parameters H; and v,; be known. To prove the formulated statement, it is sufficient to show that
relations (4.1) allow one to uniquely determine the parameters behind the jump Hs and vys.
Integration of relation (4.1c) over the variable A yields the equality
2 2
Up2 = Un1 — Ka

where K is an unknown quantity independent of A. Using this equality and relation (4.1a), we obtain

Un2 ::li\/’U?ﬂ —K, H2 ::l:Hll}nl/\/’U?ﬂ - K. (42)

According to the choice of the normal (see Sec. 3), v,1 > 0 and v,2 > 0; therefore, in (4.2) we choose the plus sign.
Substitution of the obtained quantities into relation (4.1b) yields the equation
1

1 1 1
2 g Hyivp 2 2 9( )2
O/Hlvnl\/vnl K d\+ 2(0 Jo _Kd/\) - O/Hlvnl i+ 0/H1 dA

for determining the unknown K. Once K is found, the flow parameters behind the jump are defined by the formulas
given above (4.2).

It is convenient to introduce a function F'(K) defined for K < K, = m}%n v2

=.(\) by means of the formula

1

1
— 2 g Hyvn 2
F(K)_O/Hlvnl\/vm Kd/\+2(0 \/vil—KdA) ,

and rearrange the equation for K to the form
F(K) — F(0) = 0. (4.3)
According to condition (4.1d), it is required to find the root of Eq. (4.3) that satisfies the inequality

1 1
v2, — 02 Hiv,n K
G(K)=g(hy —h n2 el AN — /Hd)\— <0.
(K) =g(ha = h1) + ) g it - K g | Hi )
0 0
The derivative of the function F(K) is calculated as
1
K) Hlvnl 1
Py = A\ = —  ho(K)w(K) = hao(K) G'(K), 4.4
(K) 20\/0%1_1( 22()()2()() (4.4)

where

We note that

1
G () = — ) ! (K) = 39/( Hivw 3 2
v

and, hence, the function G(K) is convex downward. We assume that K is a root of Eq. (4.3) that satisfies the
inequality G(K7) < 0. We show that G(K) < 0 in the interval (0, K7). Indeed, since F(K;) = F(0), in the indicated
interval there exists a point Ky at which F’(Ky) = 0. According to (4.4), at this point, G'(Ky) = 0, and, by virtue
of the inequality G”(K) > 0, this point is unique. At the point K, the function G(K) reaches the single negative
minimum, and its maximum value is reached at the ends of the interval K = 0 and K = K,. Since G(0) = 0 and
G(K1) <0, we have G(K) < 0 in the interval (0, K1). Let us show that the root of Eq. (4.3) satisfies the inequality
K, > 0. Relations (4.4) imply the equalities

K, K, K,
0= F(K,) — F(0) = /F’(K) dK = /hg(K) G'(K)dK = ha(K1) G(K}) — /G(K) LK) dK.
0 0 0
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Since hy(K) > 0, ho(K) > 0, and G(K) < 0, it is easy see that the last equality is satisfied only for K7 > 0. Then,
the function F(K) decreases in the interval (0, K() and increases in the interval (Ky, K,), and the point Ky is
the point of local minimum. As a result, it is established that, if the root K7 of Eq. (4.3) satisfies the inequality
G(K1) <0, then, K; € (0, K.]. We note that the condition K; > 0 leads to the inequality G’(0) < 0. This implies
that w(0) > 0 and, in addition, the inequalities w(K;) < 0, F'(0) < 0, and F'(K7) > 0 are satisfied. Using relations
(4.3), the last two inequalities can be written in equivalent form

1 1
H H
1_g/U;dA>m 1_9/';dx<0 (4.5)

nl Una

According to [8], the equation

1
H
1-— d)\ =
g/(un_Dn)z 0
0

defines the velocity D,, (velocity of motion of the characteristic surface along the normal n). Therefore, inequalities
(4.5) imply that, before the front of the jump, the flow is supercritical, and behind the front of the jump, it is
subcritical. The root K; € (0, K] of Egs. (4.3) exists only if

F(K, —0) > F(0).

For F(K, —0) < F(0), Eq. (4.3) does not have roots in the interval (0, K,). In this case, it is possible to
construct solutions with zones of return (relative to the jump) flow behind the jump. The flow behind the jump
consists of a layer of fluid particles that passed through the jump [the flow parameters in it are determined by
the formulas (4.2) at K = K,] and a layer of fluid particles moving only behind the discontinuity. In this case,
the relations at the discontinuity can be used only to determine the thickness of the zone of return flow. Similar
configurations for plane—parallel flows were studied in [3, 5].

This work was supported by the Russian Foundation for Basic Research (Grant No. 07-01-00609), Program
of the President of the Russian Federation on the State Support of Leading Scientific Schools (Grant No. NSh-
5245.2006.1), and INTAS Foundation (Grant No. 05-109-4107).
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